arXiv: 1505.0483lv2 [math.PR] 5 Jan 2016 


Estimates of densities for Levy processes with lower 

intensity of large jumps 

Pawel Sztonyk 
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Abstract 


We obtain general lower estimates of transition densities of jump Levy processes. We use them for processes with Levy 
measures having bounded support, processes with exponentially decaying Levy measures for large times and for processes 
with high intensity of small jumps for small times. 


1 Introduction 

Let d e {1, 2,... } and v be a symmetric Levy measure on M , i.e., 

(1) [ (l A p| 2 ) u(dy) < oo, 

jR d 

and v{—D) = u(D) for every Borel set D C M. d . We always assume also that z/(R d ) = oo. 

We consider the convolution semigroup of probability measures {P tl t > 0} with the 
Fourier transform 3 r (P t )(D = f Rd e^' y Pt(dy) = exp(—£$(£)), where 

$g) = / (1-cos (£-y))is(dy), £ £ 

J R d 

There exists a Levy process {X t , t > 0} corresponding to {P t , t > 0}, i.e., P t is the 
transition function of X t . 
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We denote 


T(r) = sup $( 0 ; r > 0 . 

I£l<r 

It follows directly from the definition that T(|£|) > $(0 for £ £ M. d . An opposite 
inequality \l/(|£|) < c<h(^) holds also in many typical examples but is not true in general. 

We will often use the following estimate obtained in Proposition 1 in HU (see also 
Lemma 6 in [El) 

(2) LqH[t ) < T(r) < 2 H(r), r > 0, 

where 

H(r) = I (lAr 2 \y\ 2 ) u{dy), 
and L 0 depends only on the dimension d. 

We note that T is continuous and nondecreasing and sup r>0 T(r) = oo, since 
uiW 1 ) = oo (it follows easily from (J2J). Let \I/ - 1 (s) = sup{r > 0 : T(r) = s} for 
s £ (0, oo) so that 'L('L~ 1 (s)) = s and 'h _ 1 ('L(s)) > s for s > 0. Define 

= t>0 - 

We often use the following condition which is satisfied under mild assumptions on 
$ (see Lemma 5 in sn or Lemma 5 in PHI). 


There exist constants M 0 > 0, and t v £ (0, ool such that 

(Al) P V J 

/*, e-‘*< £) |f | df < Mq , t € ( 0 , t r ). 

We note that ( I All) yields in particular that z/(M d ) = oo and the existence of the 
transition densities pt of Pt for all t > 0 . 

The main results of the present paper are the following two lower estimates of the 
transition densities. They contain universal minimal bounds for jump Levy processes. 

Theorem 1.1. For every symmetric Levy measure v such that (El holds with 
t p = oo there exists positive constants c\ — c^, such that 

ri ~ c 2\ x \^ | 

Pt(x) > c\h{t)~ e , t > C 3 , |x| < c^t, 
where p t is the density of P t . 

Let v = v s + v c where u s and v c are singular and continuous part of u with respect to 
the Lebesgue measure on M. d \ {0}, respectively, and let denote the Radon-Nikodym 
derivative of v c . 
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Theorem 1.2. Assume that (1 All) holds and there exists r 0 > 0 such that 


inf — —(y) > 0. 

o<l?/l< r o dm 


Then there exist constants c\ — C 4 , such that 

p t (x ) > Cie -^l- |1 °g( £ ^) ) 


fort G (0, i p ), and |x| > max{r 0 ,C4i}. 

We prove the theorems in Section [3l Note that explicite values of the constants and 
also more specific estimates can be found in Lemma [3.11 Lemma [3.21 and Lemma [3.31 in 
Section [3l We emphasise also that lower bounds obtained for transition densities in pre¬ 
vious papers depend usually on the local behaviour of the Levy measure v (see |3U],[5T]) 
or hold only for isotropic processes mm- In particular, Proposition 12.11 below gives 
the lower bound in terms of the Levy measure: pt{x) > Cith(t)~ d u(B(x,C 2 h(t))), for 
|x| > csh(t) and t e (0,t p ), and the both above theorems deliver useful estimates even 
in regions on which v is not supported. 

Although the above estimates of transition densities hold for wide class of Levy 
processes one can hardly expect that they are optimal for processes with heavy tails of 
the Levy measure since it is known that v(dx) = g(x)dx is a vague limit of measures 
Pt(dx)/t = ( pt(x)/t)dx as t —» 0 + outside the origin, and in fact the both functions pt(x) 
and tg(x) share typically the same asymptotic properties for such processes for small 
times (see results and discussions in mi. ns). In particular for a - stable processes 
with u{dx) x \x\~ d ~ a dx we have pt(x) x t -d /«( 1 +1 -1 /" \x\)~ d ~ a . Therefore the above 
estimates are useful mainly for processes with truncated jumps or with exponentially 
decaying intensity of jumps and large times where the asymptotic of p(t) and tg{x) can 
differ significantly. In the next sections we give some applications and show that the 
above results are optimal or close to optimal for the considered processes using existing 
upper estimates. 

The first natural application are processes with truncated Levy measures. In [S] the 
authors obtained both side estimates of transition densities for processes with truncated 
isotropic stable Levy measure. Here we extend the results of [8] to much wider class 
of processes with Levy measure with bounded support and not necessarily absolutely 
continuous. The lower estimates which follow easily from the above inequalities and 
Proposition 12.11 are presented in Section [J] in Theorem 14.11 Next we prove upper esti¬ 
mates in Lemma 14.21 and Theorem 14.31 Our method is based on the results of [2Tj where 
the authors complement in very useful way the known results of Carlcn, Kusuoka, and 
Stroock (0)- Assuming additionally that the Levy measure is absolutely continuous 
we obtain more precise following estimates which can be regarded as the third main 
result of the present paper. We note that similar estimate was announced (without a 
proof) in Theorem 1.4 of [6] . 
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We will use here the following condition on a function / : (0, ro] —> (0, oo). 


There exist constants M 1; M 2 > 0 and d < fii < fi 2 < d + 2, such that 

( AO) 

M 1 (f Y 1 < < M 2 (f Y 2 , r 0 > R > r > 0. 

We will use the notation / x g to indicate that there exist constants Ci,C 2 such that 
cig < f < c 2 g. 

Theorem 1.3. Assume that supp(z/) C 11(0,r 0 ), v is symmetric and absolutely 
continuous with respect to the Lebesgue measure on M. d \ {0} with a density v and there 
exists a nonincreasing function f : (0,r 0 ] —> (0, oo] such that 

P(x)x/(|x|), 0 < \x\ < r 0 , 

where f satisfies (IA2D and k = inf se( - 0 ,r- 0 ] /( s ) > 0. 

Then P t is for every t > 0 absolutely continuous with a density p t which satisfies 
the following estimates. 

1. There exists g* such that for |x| < g*h(t) we have 

Pt(x ) x h(t)~ d . 


2. There exists C* such that for g*h(t) < |x| <r$,t< t\ we have 

Pt(x) x tf(\x |), 

where t\ = r 0 /C*. 

3. There exist positive constants c\ — C 4 such that 

Cih(t)~ d exp |-^} < pt(x) < c 3 h(t)~ d ex p 

for g*h(t) < |x| < C*t, t >t\. 

4- There exist positive constants C 5 — cio such that 

< Pt{x) < C 8 exp -c 9 |x| log 


(C^) 


c 5 exp < -c 6 |x| log 


Cj\X\ 


1 


for |x| > r 0 V C*t, t > 0. 

The second interesting application are Levy processes with exponentially decaying 
Levy measure which we discuss in Section [5j We extend here the results obtained 
previously in [6] and ra- The sharp estimates obtained in |18] hold only for small 
times whereas the results of [6] contain only absolutely continuous Levy measures. 
Here we obtain in Theorem 11.41 both side estimates for large times and not necessarily 
absolutely continuous Levy measures. 
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Theorem 1.4. Let 


/*oo p 

v(A) x / / l A (s0)s- 1 -“(l + s) K e- ms/ 'cis/i(rf0), 

Jo J s 

where n is bounded, symmetric and nondegenerate measure on the unit sphere S, m > 0, 
(3 G (0,1], a G (0,2), k G (—oo,l + a]. Then there exist constants C\ — c 6 ,r],t 0 such 
that 


(3) 


Pt(x ) < c\t d/2 



+ e 


-m\x\' z 

2-4 0 


? 


/or x G M d , t > to5 

(4) pt(x) > c 3 t“ d/2 ^ + tu(B(x , cfeVt))) , 

In particular, if 

(5) i/(ete) x |x|- d - a (l + |x|) K e- m|x|/3 d®, 
then there exist cj — eg such that 


rjy/t < |x| < c 6 t, t > t 0 . 
lEl'\{0}, 


( 6 ) 

c 7 r “ /2 < p,(x) < c,r “/ 2 (e^ + , 


x G R d , t > t 0 


The last application is given in Section |6] We do not assume here anything (except 
of (JTjl) on the behavior of v outside of the ball -8(0,1) and we consider the processes 

with high intensity of small jumps, i.e., such that v(dx) x \x 

|x| < 1, where j3 > 1. We extend the results obtained previously in [23] and [IT]. In 
this case sharp estimates for large times were already known. We investigate here the 
difficult case of small t and using Lemma 13.21 we get a new lower bound. This estimate 
seems to be optimal in view of new results obtained in [24] for a particular case of 
subordinated Brownian motion. 

Let us also mention other related results. Estimates of transition densities for stable 
Levy processes has been studied, e.g., in [I] [26] [13| [14, 10l [IT, 9] [31, j4|. Recent papers 
[291 EH HH EH m US] contain the estimates for more general classes of Levy processes, 
including tempered processes with intensities of jumps lighter than polynomial. The 
paper [2j deals with estimates of densities for isotropic unimodal Levy processes, while 
the papers [23] [16] discusses the processes with higher intensity of small jumps, remark¬ 
ably different than stable one. In [6, 7] 16] the authors investigate the case of more 
general, non-necessarily space homogeneous, symmetric jump Markov processes with 
jump intensities dominated by those of isotropic stable processes. Estimates of kernels 
for processes which are solutions of SDE driven by Levy processes were obtained in [25] . 
For estimates of derivatives of Levy densities we refer the reader to [28= 31 l2Tl[T6l 1221IT9] . 
In [15] an interesting geometric interpretation of the transition densities for symmetric 
Levy processes was given. 


log 


dx, for 
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2 Preliminaries 


For a set A C M d we denote <5(A) = dist(0,A) = inf{|y| : y E A} and diam(A) = 
sup{ 1 2 / — x\ : x,y E A }. By 23(M d ) we denote Borel sets in R d . 

General estimates of the densities at the origin were obtained in B2I- It follows from 
Lemma 6 and 7 in HZ! that if (1 All) holds then there exist constants c\ = ci(<i),c 2 = 
c 2 (d, M 0 ), 9 = 9(d, M 0 ) such that 

(7) ci ( h(t))~ d < p t (x) < C 2 ( h(t))~ d for |x| < 9h(t ), t E (0 ,t p ). 

Lower estimates of densities by the Levy measure were also obtained in pT|. We 
include here a modified version of Theorem 2 of mi- The proof differs only in a few 
details and we give it in the Appendix. 

Proposition 2.1. If (I All) holds then for every y > 0 there exist constants L i = 

Li(d,rj, Mf), L 2 = L 2 (d,rj, M 0 ) < y such that 

( 8 ) pt(x) > Lit (h(t)) d o(B(x, L 2 h(t))) for \x\ > yh(t), t E (0,t p ). 

The following proposition was proved in H3, Theorem 1. 

Proposition 2.2. Assume that v is a symmetric Levy measure such that 

(9) u(A) < M 3 f (6 (A))[diam(A)] 7 , A E S(M d ), 

where 7 E [0, d], and f : [0, 00 ) —* [0, 00 ] is nonincreasing function satisfying 

(10) J f V \y\ - u(dy) < M 4 /(s)T , s > 0, r > 0, 

for some constants M 3 , M 4 > 0 .If m holds then there exist constants c 4 = Ci(d, M 0 , M 3 , Mf), c 2 
c 2 (d, Mo), c 3 = c 3 (d, Mo) such that 

p t (x) < ci (h(t))-Snm|l,t[h(t)]V(kl/4)+ e- C2 ^ log ( 1+ w)\ 
x E R d , t E (0 ,t p ). 


3 Lower estimates 

The following lemma contains a lower estimate of densities p t in terms of a function F 
which is a lower bound for T(s)/s. 

Lemma 3.1. Assume that (ED holds and there exists a strictly increasing contin¬ 
uous function F : [0, 00 ) —$■ [0, 00 ) such that F( 0) = 0, hin^ooi^s) = 00 and 

(11) F(s) < - , for s E [0,oo). 
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Then there are constants Ci = Ci(d, M 0 ), i — 1,2, such that for every rj G (0, 9), where 
9 is the constant from o. we have 

p t (x ) > Cl h(t)- d e- C2lxlF ~ 1{2lxl/M)/ \ 

for t G (0, t p ) and x G R d . 

We may also weaken the assumptions obtaining estimates on smaller domain. We 
give only the proof of Le mm a [3721 since the proof of Lemma [3711 differs only in few details 
(one can just put So = oo here). 

Lemma 3.2. Assume that (ED holds and there exists a constant so G (0, oo) and a 
strictly increasing continuous function F : [0, s 0 ] —>• [0, oo) such that F( 0) = 0, and 

(12) F(s) < for s < s 0 . 

s 

Then there are constants c^ = Cj(d, M 0 ), i = 1,2, such that for every rj G (0,0), where 
9 is the constant from (J7J) , we have 


(13) p t (x) > ci h(t)- d e~ C2 ^ F , 

f° rte ( s 0 f(s 0 /2) ^p) and \ x \ < 

Proof. Let t G ( SoF (s 0/ / 2 ) , t p j, rj G (0, 9) and x G be such that 0 < |x| < rjtF(so/2) /2. 
We first assume that ikJ-F -1 > 1 and let n G N 0 be such that 


2 n<M F -l( 2 \ X \ 


V 


rjt 


< 2 


n +1 


We have F 1 (y^y) < , and by ffl2 ] ) we obtain 


2\x\ 

rjt 




r]2 n 

2\x\ 


< vL 


r]2 n \ 2\x\ 


2\x\) 77 2 n ’ 


since jg < 2F 1 (Gr) < SO, hence y < and 1 '(^) < g which gives 

A < i,h(t/2") < i»A(«/2"). 

Let k = 2 n . It follows from (J7|) that 
(14) Pt/k{y) > cih (t/k)~ d , for \y\ < 9h (t/k). 
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Having the above preparation we can use now the standard method which was used, 
e.g., in the proof of Theorem 3.6 in |8]. Let 0 = xq, xi, ..., Xk-i, x k = x be such that 
Xi = ( i/k)x . We have \xi + \—Xi\ = ^ < \rjh{t/k) < \6h{t/k). Let Bj = B{xi , | h(t/k)). 
Using the semigroup property of p t and (fT4|) we get 


Pt(x ) = 


Pt/k(yi)Pt/k(y2 - yi)...pt/k(x -Vk- 1 ) dy 1 dy 2 ...dy k _ 1 


> 


' Bi J B k _! 


Pt/k(yi)Pt/k{V2 ~ yi)...pt/k{x ~ Vk-i) dy 1 dy 2 ...dy k _ 1 


> (c\h(t/k) 


d ' ' u d ( 6 -h(t/k)^ 


k -1 


= h{t/k) d C\UJ d 


Ud 


-l 


4 / I \ \4 / 

c 2 h(t/k)- d e~ C3k > C 2 h(t)- d e - 4c3|x|i? " 1(2|3;|/( ^ ))/?? , 


where c\ = c\{d) and c 2 = c 2 (d, M 0 ),cs = cs(d, M 0 ). Let now ^F 1 < 1. The 

function g(s) = ^F' 1 is strictly increasing, continuous and sup sg [ 0 tV tF( S0 )/ 2 ] d( s ) = 
g(rjtF(so)/2) = 2fsoF(so) > 1 (since t > sqF ^ so / 2 ) ) so there exists si > |x| such that 
^F” 1 = 1- Furthermore, using the fact that t > soF ( so /^ we obtain 

Ifi_p-i (M = ! = 1 F -1 ( sqF(s 0 /2) \ > f J_\ 4*^ /2£\ 

v \ytj so V s 0 J s 0 \s 0 tj r) V yt J 


which yields ^ < s 0 . We have then 2a, = F < F ^^ 7 j < T ( 2 ^ 7 ) > hence 

Si < h(t) and (TT3l) in this case follows directly from (JJJ), since |x| < Si. □ 

Proof of Theorem \1.1[ It follows from (|2]) that for every s 0 > 0 we have 


'F(s)>s 2 /' \y\ 2 v(dy) > CiS 2 , 

J\y\<l/s 

for s < So, where ci = | <: 1 y So \v\ 2 u (dy) > 0 since z/(M d ) = 00 . Therefore we have 

T(s) > sF(s) for s < so and F(s) = cis and Lemma 13.21 yields 

Pt{x) > c 2 h(t)- d e~ C3 W 2/t , 


for t G ( 2772-5 00 ) and |^| < C 4 S 0 L □ 

In [30] Lemma 2] we obtained an upper estimate of densities for infinitely divisible 
distributions having Levy measures with bounded support. Here we prove the opposite 
bound which holds also for more general class of processes. 











Lemma 3.3. Assume that dAH) holds and there exist ro > 0 and kq > 0 such that 


(15) 


inf 

xeB(o,rg) dm 


k o > 0, 


where (y denotes the Radon-Nikodym derivative of the absolutely continuous part u c 
of v with respect to the Lebesgue measure. Then for every rj > 0 there exists C\ = 
ci(d),c 2 = c 2 (d,rj,M 0 ) such that 


Proof. Let 


Pt(x) > 

cir 0 d exp < 

f 2 \x\ 

. r o 

> max 

{r„. * (?£ 



n = 

4 x 


-1 

O 

S- 

CO 

_1 


log 


c 2 \x\ 


„d+1 


K()t 


+ 1 . 


We note that 4|x|/(3r 0 ) < n < 7|x|/(3r 0 ), since \x\/ro > 1. Furthermore, | > 
4/ f—) Trf > ^ f—V It follows that \P -1 (ra/£) > — and y > r)h(-). From (1T5|) 


ro J 4\x\ 

and Proposition 12.II for every s G (0,f p ) such that r 0 > r]h(s) we get 

Ps(y) > CiSK 0 , V h i s ) < M < r o, 


for some constant Ci = Ci(d,rj, M 0 ). Let 0 = x 0 ,Xi, ...,x n _i,x n = x he such that 
\xi + i — Xi\ = y (taking x t = ( i/n)x ) and let B t = B[xi , y). We note that |r 0 < y < 
|r 0 and for y t e B h y i+1 € B i+1 we have rjh(±) < y < |z/i+i - y*| < r Q . We obtain 


Pt(z) = / ... / Pt/n{yi)Pt/n{y2 -yi)-Pt/n(x-y n -i)dyidy 2 ...dy n - 1 


> 


'B i J B n -i 


t 


Pt/n{y\)Pt/n{y2 - yi)...pt/n(x -y n -i) dy 1 dy 2 ...dy n - A 


> ICI-KOJ 

-d 


n—1 


= | Ci^KoUj (j)” 

n 


<*i£Y 


-i 


c 2 r 0 f ( c 3 -ft 0 r 0 ) = c 2 r o ex P i -wlog 


c 3 tn 0 ro 


> 


c 2 r 0 d exp 


2|x| 


log 


2b| 


c 3 tn 0 r 0 


d+1 


with C2 = c 2 (d),c 3 = c 3 (d,rj, Mf), and in the last line we use that n < 2|x|/r 0 , since 
|_|uj + 1 < |w + §w = 2u for u > and |_fwj + 1 = 2 < 2u if u E [1, |). □ 

Proof of Theorem \1.A ft follows directly from Lemma 13.31 □ 


9 


















4 Application to Levy measures with bounded sup¬ 
port 

4.1 General case 

Using above lemmas we obtain the following lower estimate of densities for semigroups 
with truncated Levy measures. 


Theorem 4.1. Assume that there exists constant r 0 > 0 such that suppn c 5(0, r 0 ) 


and 

(16) 


. . du c . 

k 0 = mf —— lx) > 0, 
o<|x|<r 0 dm 


If (I A 111 holds with t p = oo then there exist constants Ci = Cj(d, Mf), i = 1,2, 3, 4, such 
that 


Pt(x) > Ci < 


h(f)~ d 

t(h(t))~ d u(B(x , c 2 h(t ))) 

Mr-expi-sm, 


for |x| < i] 0 h(t), t > 0, 
for ri 0 h(t) < |x| < r 0 , t < t 0 , 


for rj 0 h(t) < |x| < CU, t > t 0l 
rf d exp j-^log , f or N>r 0 VC t f,i>0, 

where m 0 = f \y\ 2 v(dy), rj 0 := 9 A A 1, t 0 = ^° mo and U* = ,?0 ^° o mo . We also have 


(17) 


a / L 0 m 0 Vi < h(t ) < -\/2moVt for t 


> 


L 0 m 0 


Proof. The first estimate follows from (JTJ) and the second from Proposition 12.11 
Using (J2]) we obtain 


(18) 


L 0 m 0 r 2 < T(r) < 2m 0 r 2 , r < 


c 0 ' 


since H[r) = r 2 / |y 2 u(dy) = mor 2 , for r < 1/ro- For t > ro/(To m o) > l/T(l/ro) we 
have h(t) > r 0 and (1T7l) follows by taking r = 1 /h{t) in fflSll . 

Choosing F(s) = L 0 moS and s o = l/r 0 in Lemma 13721 we obtain 


Pt(x) > c\h{t ) “exp 


2c 2 |x| 2 1 


r)%L 0 m 0 t J ’ 


for t > t 0 > and |x| < vol f°f no t. From (fl6]l and Lemma [3731 we get 


4ro 


Pt(x) > c 3 r 0 d exp 


2 b| 


c 0 


log 


c 4 |x| 

Cq + W 


for |x| > max{r 0 , Cj.} > max jr 0 . f). 


□ 
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Now we deal with upper bounds. In the following lemma we improve the estimates 
obtained previously in [30] Lemma 2], We use here in essential way the results of |211 . 

Lemma 4.2. Assume that the Levy measure v is symmetric and P t has a transition 
density p t for allt> 0. If, for some r 0 > 0, we have supp v C B(0, r 0 ) then 

(19) p t (x ) < e^o" los (^o)p t (0), |x| > 2em ° t, 

r 0 

where m 0 = f \y\ 2 v(dy). If additionally there exist constants M 5 ,M 6 > 0 such that 

(20) J \y\ 2 e^ u(dy) < M 5 , |f | < M 6 , 

then 

| aj | 2 

Pt(x) < e _4tM sp t (0), |x| < 2M 5 M 6 f. 

Proof. We use Theorem 6 of [2T] obtaining 

Pt(x) < e~ D ^ x) p t ( 0), xeR d ,t> 0, 


where 

D 2 (x) = -v t (€o,x), 

v t (C, x) = -£ ■ x + t j (cosh(£ • y) - 1) v(dy), 

and — £o(L x ) G R d is such that v t (fo, x) = inf^ eR d v t (f, x). We have cosh(s) —1 < s 2 e s 
for all s > 0, therefore 

x) < — f ■ x + t|£| 2 j |?/| 2 e^^ v{dy) < — f ■ x + t|£| 2 e^ r °m 0 . 

We choose s > 0 such that se sr ° = If 2 ^ > ^ then < s < 

iL l°g(^~), since e u < ue u < e 2u for u > 1. Taking £1 = we obtain 

. . . 1 | | — Ixl /r 0 |x|\ 

<*({„*) < -yM < — iog(^—j , 

and (fl9l) follows. If (1201) is satisfied then 

M€> x) <-f-x + t\£\ 2 J | y\ 2 e Mvl is(dy) < -f • x + t\£\ 2 M 5 , 

for |£| < M 6 . Taking £ 2 = we obtain 

— lx! 2 

o,x) < v t (f 2 ,x) < 

for |x| < 2M 5 M 6 t. □ 
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We summarize estimates obtained in Lemma 14.21 Proposition 12.21 and (EJ) in the 
following Theorem. We recall that the first estimate holds in fact for every process 
satisfying (EH). We note also that for t > 1 we have h(t) x y/t and the exponential 
term in the second inequality below dominates the forth bound so for \x\ > C*t the 
latter estimate is more exact. Similarly the third estimate is more exact then the second 
for |x| < C*t and t > 1. For small t the result of analogous comparison depends on 
functions h and /. We will compare the bounds more precisely in the next section 
under additional assumptions on u. 


Theorem 4.3. Assume that (IS]) holds with t p = oo, supp(z/) C 5(0, r 0 ) for some 
r 0 > 0 and there exist a constant 7 and a nonincreasing function f such that ([ 2 ]) 
and (USD hold. Then there exist constants 9 = 9(d, M 0 ),ci = ci(d, M 0 , M 3 , M 4 ), c 2 = 
c 2 (d, M 0 ), c 3 = c 3 (d, M 0 ) such that 


Pt(x) < Ci < 




h(t)- d 

t [ft(f)P~y (|i 1/4) + h(t)- d e~ a ^'° B A vr) 


h(t)- d ™ P {-3Sh}. 


for 

£ < 9h(t), 

for 

x > 6h(t) 

for 

x < C*t, 

for 

a; > C*t, 


where C* = , and m 0 = f \y\ 2 v(dy). 

Proof. The first inequality follows from (J7|) and the second from Proposition 12.21 ft 
follows from Lemma 14.21 and (J7J) that 


/x , , MMwcroM'i . . 2emn 
Pt(x) < c\h(t) d e 4r o tmof |x| >- -t. 


r 0 


Taking M 6 = ^ and M 5 = em 0 in (1201) we get 


i*r 


2emn 


Pt(x) < cih(t) e 4t ™o, b| <- 1. 

c 0 


□ 


4.2 Absolutely continuous Levy measures 

In this section we always assume that the Levy measure v is absolutely continuous with 
respect to the Lebesgue measure on M a! \{0} with a density V. Moreover we assume that 
there exist constants mi,m 2 ,r 0 > 0 and a nonincreasing function / : ( 0 , r 0 ] —> ( 0 , 00 ) 
such that 

( 21 ) rriif(\x\) < u(x) < m 2 f(\x\), for |x| < r 0 . 

Apart from Lemma [4.41 we consider here v such that supp(i') C 5(0, ro). 
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We will also assume that / satisfies (IA2I) . We note that for a nonincreasing functions 
(I A2I) yields the following both side doubling property 


( 22 ) 


ci/(r) < f(2r) < c 2 /(r), 2r < r 0 , 


for some constants ci,c 2 > 0. If / is nonincreasing and 
c 2 < 2~ d then (1 A2D is satisfied. 


holds with 2 


—d—2 


< Ci < 


The condition (IA2D holds for many typical functions / such as /(s) = s _d_ “, a G 
(0,2), or /(s) = s _d_ “(log(l + -))“ /3 , However we note that a density u of a 

Levy measure not always satisfies the doubling property at the origin. For example we 
can observe it for 


since 


u(x) = 

f (2 • 2- fc2 ) 


2 ( 2 +d)k 2 

k 2 + 1 
fc 2 + l 


for 2” (fc+1)2 < |x| < 2~ k \ 


_2(2+d)(—2fc+l) _^ q 


as 


k —y 00 . 


/( 2 -‘ a ) (fc - IP + 1 ' 

The constants appearing in this section can all depend on mi,m 2 , /fi, /3 2 , Mi, M 2 , r 0 , / 
and ^ and we will not mention it explicitly below. We will use the notation / x g to in¬ 
dicate that there exist constant ci, c 2 such that Cig < / < c 2 g. In the following lemmas 
we obtain some interesting properties of semigroups satisfying above conditions. 

Lemma 4.4. Assume that the Levy measure v satisfies CD and the function f 
satisfies (IA2D . If k = inf|. c |< ro f(x ) > 0 then 


(23) 

Proof. From 


v (x 


*( 1 / 1 * 1 ) 


LC 


\x\ < r 0 . 


we get 


T(1 jr) 


„-2 


\y I v{y)dy+ / v{y)dy. 


\<r 


'\>r 


We observe that 


2 A„. _ m ld0Jd d+2 


- <r 


\y\ ^{y)dy>m 1 f(r) / \y\dy = 

j\y\<r a -h z 


r + /(r), r < r 0 , 


where (Xd denotes the volume of the unit ball in and the lower estimate in 
follows. 

Now we prove the upper bound. For r < r 0 , using fl2l]) and (IA2D . we obtain 



\y\My) d y < 



|y| 2 m 2 M 2 



f(r) dy 


duj d m 2 M2 
2 + d — /3 2 


r d+2 f( r ). 
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Furthermore 


Hv)dv < [°s«-'H s )ds< m *C !{r) 

\y\<ro Jr 1V1\ J r 

< cir d /(r), 

and from (IA2D we obtain r d f(r) > M 1 rQ 1 r d_/5l /(r 0 ) > Mir d n, for r < r 0 , and this 
yields 



J\y\>r 

and the lemma follows. 


v(y) dy < cir d /(r) + / u(y) dy < ( c x + I rd /( r )> 


'ro<\y\ 


□ 


Lemma 4.5. Assume that v satysfies m and (O and supp v C L>(0,r 0 ). If 
n = inf | x \ <r 0 f{x) >0 then (IA1I) holds with t p = oo. 

Proof. First we will prove that \l/(|£|) x <F(£). The inequality $(£) < T(|£|) follows 
directly from the dehnition of T so we have to prove only the opposite estimate. Using 
Lemma [4.41 for |£| > d- we get 


$(0 = /(1-cos {Z,-y))v{y)dy 


>m 1 (1 - cos(£ ■ y)) f(\y\) dy 


> ci / (1 — cos(£ • y)) 

d \ y \<m 

> c 2 T(|e|) / 


T ( A 


\y\ d 


dy 


<■ {i ' y)2 W dy 
<111 m 


= C3»(k|). 


since Ji»i< ^-vfw iy = ^ |2 4,<* (il • y) i w d « = Et* = amst -’ 

where we use the rotational invariance of the Lebesgue measure. This and Lemma 14.41 
yield 

(24) 

For |£| < T we have 


^0 


$(0 = / (! - cos(£ • y)) u(y) dy>c 4 |f ■ y\ 2 f(\y\) dy > c 5 |£| 2 . 

J d\y\<r 0 
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Further, by (EJ we have 


and so 
(25) 



1 

r < —, 
r 0 


*«) ~ m\) ~ ici 2 , iei<-. 


It follows from (1241) . (1251) and (IA2H that there exist L > 1 and c* > 1 such that 

d'(Lr) > c*\l/(r), r > 0. 


This yields 

„n 

V(L n /h(t)) > c^(l/h(t)) = -j, t > 0, n G N, 

and we obtain 



t Re(*(f)) 


leide 


< 


< 


< 


s —cttfdfl) 




a -c 6 t*(iei)i 




e ~"" VISI '|£| d£ + 


3 -C 6 i^(hl)| 


e — ^'>\f\df 


oo « 

c 7 h(t)- d - 1 + J2 L 

^—n J t 


- I Ln -\r\'' L n+1 

11 =0 h(t) ^l?l— h(t) 


\£\>l/h(t) 


c 7 h{t) d 1 + C 8 < 


-C6W(L n /h(t)) 


n =0 


L n+i 

h(t) 


d +1 


< crhit)-*- 1 + c 9 h(t)~ d ~ 1 e ~ C6C * L {n+1){d+1) 

71=0 

= Cioh(t)~ d ~ 1 , 


and the lemma follows. □ 

Using the above properties we can improve now the estimates obtained previously 
in Theorem 14.31 in the general case. 

Theorem 4.6. Assume that supp(z/) C B(0, r 0 ), v is symmetric and absolutely 
continuous with respect to the Lebesgue measure on R^ \ {0} with a density v and there 
exists a nonincreasing function f : [ 0 ,r 0 ] —>■ [ 0 , oo] such that 


m if(\x\) < v(x) < rri 2 f(\x\), 0 < |x| < ro- 
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where f satisfies (TO, and k = inf se (o,r 0 ] /(s) > 0. Then there exist c 1 , 02 , 03 , 04 , r/i 
and C* such that 


(26) 


p t (x) < Ci < 


h(f)~ d 
tf(\x I) 
h(t)- d 
exp 


exp 
-C 3 \x 


C2\x\ 2 




for |x| < h(t), t > 0 , 

for rjihft) < |x| < r 0 , t < 
for rjih(t) < |x| < C*t, t > t 1; 
for \x\ > r 0 V C*t, t > 0, 


where t\ = r 0 /C*. 


Proof. First we prove the second inequality. Let /*(s) = f(s) for s < r 0 and /*(s) = k 
for s > r 0 . We have v(A) < Ci/*(5(A))) (diam(A)) o! for every Borel set A. It follows 

from ( |A2|) that /* (s V \y\ - ^ < /* (|) < c 2 /*(s), for all y G s > 0, and (HUJ) 


holds for /* since u(B(0,r) c ) < c 3 'L(l/r) by ([2]). 
and from Proposition 12.21 we obtain 


Lemma 14.51 yields that ( I All) holds 


(27) 


Pt(x) < c 4 (h(t)) d min 


1 ,t[h(t)] d f* (\x\/ 4) + 



5 


for all x G \ {0} and £ > 0. Now we will show that 

t [h(t)] d /* (|x|/4) > ce C5 ^) log ( 1+ *«), 

for |x| > rjih(t), and hence the exponential term in (1271) can be omitted. We observe 
that (BID an d (E5D yield 


t = 


h{tf 


for t > 


1 


*(i/M 0 ) 


— *£( 1 / 7 * 0 ) 5 

_1_ for* f j. 

f(h(t))h(ty iUI ^ *(l/r 0 ) • 


Therefore, for |x| > 4r 0 and t > we have t[h(t)] c /* (|rc|/4) = t[h(t)} k > 

(\x\/h(t))~ d ~ 2 \x \ d+2 > c^e C 5 ^ log ( 1 + X(tr) ) and for |x| > 4r 0 and t < by (1A2I) 


we 


have t [h{t)) d f* (|x|/4) = t[h{t)} d n > c 8 /f(h(t )) > cg(h(t)Y 2 > c 10 e C5 ^w log ( 1 +_ fef) > 

_ c |x| A | eg |a;| \ 

ci 0 e og v + MO /. For |x| < 4ro and a constant 771 < 4 from Lemma [4.41 we get 


(28) 

We note that 


/(|x|/4) x * (4/|a:1) > 


x 


\d ~ 


\X\ 


yields 


(29) 


T(2r) < 2H(2r) < 8 H(r) < 



r > 0 . 
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For rj\h(t) < \x\ < 4r 0 from ()28l) and (f29l) we obtain 


th(t) d f{\x\/A) = 


h{t) d f {\x\! A) h(t) d y{ 7 ii/ |x|) 


*(1 /Kt)) 


> Cn 


> 


Cll-bo 


X 


4 


(l / h(t))\x\ d 
-log 2 TZ-d 


8 r]f V 7 ?! h(t)J 

> ci 2 e“ C57 ^ los ( 1+i ^), 

hence (1271) and (IA 2 D yield 

(30) p t (x) < Ci 3 f/* (|x|/4) < ci 4 t/*(W), M > ^ 1 ^( 0 ) 

for every r/i G ( 0 ,4) and Ci 4 = 014 (^ 1 ), which gives in particular the second case in 
Now we will prove the last inequality. Lemma [4.21 yields 


Pt(x) < c 15 h(t ) d e 4r o 




1 1 ^ 2em o , 
x >-t 

^0 


From Lemma [4.41 we have T(l/r) x r d f(r), and since r l 3 l f(r ) > Mir ^ 1 f (r$) > 

we get d/(1/r) > Ci 6 r d_/il for r < ro- This yields ^ > T _ 1 (ci 6 r d_/31 ) and h(r^ 1 ~ d / ciq) > 

r, hence we obtain h(f) > (cigt) 1 /^ 1- ^ for t < r^~ d jc\§. For |x| > we get 


h(f) > 


2fmc 

r 0 |x| 


l/(/3i-rf) 


and this yields 


h(f) exp<{-— log 


x 


r 0 |x| 

2 tm r 


= M*) 


—d 


M 

2 tlJln \ 4r o 


r 0 x 


< 


ro x 


1*1 


2 tm n \ 4r o Pi~ d 


x 


= ex Pi—^ lo S 

8 r o 


< 

roN 

2 tmr 


M 

2tmo \ 8r ° 


ro x 


provided |x| > R 0 = max{|^. 2r °^ 6ro Tn ° , |^} and t < r ^ 1 d /ci 6 . For t > r(j 1 d /c w we 
have h(t)~ d < h(rQ 1 _d /ci 6 ) _d < rQ We obtain 


( 31 ) 


, . -M wi- roM -i . . „ 2 em 0 

Pt(x) < c 17 e 8r o si 2 tm o, |x| > i ? 0 V- 1, t > 0. 


For r 0 V (^^ t) < |x| < R 0 we observe that 

c u tf*(\x\) = ci A nt < Ci 8 e“^ 


r 0 
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where Ci 8 = and the last inequality in ([26]) with C* = follows from this, 

(13B and (1301) since r]ih(t) < r 0 , for t < and 771 = dAy^-Al (note that r]ih(t) < r 0l 

provided t < xV{r} \ /ro) , and that ^{rji/ r o) < 2 m 0 ? 7 i/rg by (J2D, since rh < 1 ). 

Taking M 6 = ^ and M 5 = em 0 in (120]) we get 

. . , , s j_ H 2 . . 2 errin 

Pt(x) < c 19 h(t) d e 4tem o, x < - -t, 

r o 

which gives the third inequality in ([30]) . The first inequality in (13Q|) follows from (|7j), 
since r/i < 9. □ 

We can prove now Theorem 11.31 

Proof of Theorem, ] 1.31 We use here the constants C*, t 0 , r ] 0 from Theorem 14.11 We note 
that C* > C* and t\ < t 0 since 770 < 1 and L 0 < 2. Let 

V* = Vo V 771 . 

We obtain the first estimate using (J7J) since 770 V 771 < 9. The inequalities in 2. and 4. 
follows directly from Theorem 14.11 and Theorem 14.61 Similarly, the third estimate for 
r)*h(t) < |x| < C*t, t > to is a direct consequence of these theorems. For r 0 V < 
|x| < C*t and t >t 1 we have 

p t (x) > > Cie -P 2 |x|io g (c 3 cq > Cih ^y h ^-d e -c 2 cp\o g (c 3 c*)^-^ 

and for fi < t < t 0 and rj*h(t) < |x| < r 0 we have 

tf(\x\) x h(t)~ d e~ 4 ‘ x const. 

and the inequalities in 4. follow. □ 


5 Application to tempered stable processes 


Let ^ 

i/(A)x [ /'l A (s0)s- 1 - Q (l + s) K e- m ^ds/i(d0), 


Jo J s 

where p is bounded, symmetric and nondegenerate measure on the unit sphere S, 777 > 0, 
/3 E (0,1], a E (0, 2), n E (— 00 ,1 + a]. 

We have here 


(32) <h(OxT(|£|)x|£| 2 A|r, 
which follows from Proposition 1 and Corollary 2 in na. We get 

(33) h(t) xt 1 / 2 Af 1/a , 
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and Lemma 5 in ra yields that (IA1D is satisfied with t p — oo. 

Such examples were discussed previously in mmi and m . It was proved (see also 
Proposition 12.21 above) that if /i is a 7 — 1 - measure on S, i.e., there exists a constants 
c such that 

p(B{9,p) ns) < cp 7 " 1 , 9e S, 
and that there exist D 0 C S and c > 0 such that 

p.(B(9,p) DS) > cp 7 ” 1 , 9eD 0 , 


for some 7 G [1, cl], then 

Pt{x) < Cl t~ d/a min (1 + |x|) K e- m|3:|/9/4/3 + e -^i- 1/ “h|iog(i+c 3 t- 1 /“P|)| ^ 

< c A t~ d/a min |l,t 1+7/a |x|- 7 - Q (l + |x|) K e- m|a;| ' 3/4/3 } , 

x g R d , t e (0,1], 

and 

Pt(x) < c 4 t~ d/2 min + \x\) K e- m ^^ + e -«f 1/2 l*|iog(i+c8t- 1/2 l*l)| ? 

x e K d , t e (l, 00). 


Note that we can omit the exponential term in the first estimate since there exists 
c > 0 such that s -7-a (l + s ) K e - ms/3 / 4/3 > ce -c 2 siog(i+c 3 s) f or s > 0 and for t < 1 we have 
t 1 + 7 //Q |x| -7- “(l + \ x \) K e - m \ x \ P > c(t’ 1 /Q |x|)- 7 -“(l + r 1 /a |x|) K e- m(t_ 1 / “l a; l )/3/43 . Similar 
procedure for large times is not possible. 

More precise estimates for small t were obtained in [TEj- If (/3, n) G (0,1) x (— 00 , 1 + 
a] or (/3,k) G {1} x (— 00 , a) then 

p t (x) < c 7 t l+: ^r\x\-^- a+K e- m \ x \\ t G (0,1], |x| > 4, 


and 

p t {x) > c 8 t 1+2 ^\x\-^- a+K e~ m ^ p , t g (0, 1 ],x g Z>, 

where D = {x G : x = r9, r > 4, 9 G D 0 }. 

Here we improve the estimates for large values of t. 


Proof of Theorem Lf_. We will need the following preparation. As usual (see mm 
HE]) we divide the Levy measure in the two parts. For r > 0 we denote 


v r {dy) = t B {o,r){y)v{dy) and v r (dy) = t B (o, r )°(y) v(dy). 


In terms of the corresponding Levy process, v r is related to the jumps which are close 
to the origin, while v r represents the large jumps. 
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For the restricted Levy measures we consider the two semigroups of measures 
{ P[ , t > 0 } and { P[ , t > 0 } such that 

= exp (t J (e^' y - 1 -i£-y) M d v)^ , ^ eW l , 


and 


?(P[)(0 = exp (t j(e* v - 1) u r (dy)^j , £ e 


respectively. We have 


(34) 


|3W)K)I = [~t fl - cosf); ■ {Jj vlibj) 

\ J\y\<r 

= exp \ -t ^Re($(0) - J (1 - eos(y • 0) v(dy)^J ^ 
< exp(-tRe($(£)))exp(2U/(R(0,r) c )), ^6l d , 


and, therefore, by (|32|l . for every r > 0 and t > 0 the measures P[ are absolutely 
continuous with respect to the Lebesgue measure with densities p\ G 
We have 


P t = P[*P[, and p t =p r t *P[, t> 0, 


where 

(35) 


P[ = exp (t(u r - l^l^p)) = Y, 


t n (u r - \u r \5o)Y 


n =0 


n\ 


— e ~t\ v r\ 


E 

71=0 


t n u r ; 


n\ 


, t > 0 . 


We will estimate first the densities p\ G C^(M d ) using Lemma [4.21 and Theorem 6 of 
. Let 

/‘OO /* 

u(A) < a / / + sYe~ msP dsp(dd), 

Jo is 

and L = C\\p\ /“s 1_a ( 1 + s) K e~ ( ' 1 ~ 2 /3/2 ) ms ' 9 ds. Using Lemma 14.21 with M 5 = L, M 6 = 

_i_ mr ,i3- i we g e |- 

(36) #(x) < p[(0)e“^, |x| < 2 1 - /3/2 Lmr /3 - 1 t. 

Recall that Theorem 6 of [2Tj yields 

p r t (x) < e~ D P x) p r t { 0), x G M d ,t > 0, 
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where D 2 (x) = -v t ^ 0 ,x), v t (£,x) = -f • x + t f (cosh(£ • y) - 1) v r (dy), and £ 0 = 
£o(t,x) G M d is such that Vt(£o,x) = inf^ eK d v t (£, x). 

If |x| > r then 

[ \y\ 2 e^ M v r (dy) < [ \y\ 2 e mvl u(dy) 

J J\y\<\x | 

f\x\ 

< ci|/i| / s 1 - Q (l + s y e -0-*- p, *)™ p ds < L, 

Jo 

provided |£| < ^j^mlx]^ 1 . 

Let Rq = 2 1 0=2 0/ ) . Taking £i = ■^ rri m\x\P- 2 x for |x| > (t/R 0 )^ we obtain 

vt^x) <-^m\x\P+ t^m 2 \x\ 2{ P- l) L < -^m\x\ p (-1 + ^tm\x\ p ~ 2 L\ 

1 , 

< - 


This yields 

(37) Pt(yX)<p r t ( 0 )e~ 2 P m ^ >3 , |x| > max{r, (R 0 )^ t 2 ^}. 

As usual, below we will use P[, p r t and P[ with r = h(t) and for simplification we 
will write P t = P f h(t \ p t = fy [t) and P t = P t h{t) . 

For t large enough, by (IHblh (j37j) and (jSS) we have 

\x\ 2 p + 1 

Pt(x) < p t { 0)e 4 *i, ) |x| < c 2 t 2 , 


and 

Pt(x) < p t ( 0)e _ ^ m|x|/3 , |z| > c 3 t 

and since p t ( 0) < c 4 h(t) _d (see Lemma 8 in [T7]). and for sufficiently large t we have 

i p ±i 

Cst 2 ~p < C 2 t 2 , we obtain 


(38) 


Pt{x) < p t { 0)e 


M « m\x\f 
JiL A ^jT 


< C/Ji(t ) d e 


1*1 « w»l*r 
4tT A ^F‘ 


x e 


We have v h(l/h(t)) = 1/t and it follows from Corollary 10 in [17] with 7 = 1 and 
(j351) that 

(39) P t (B(x, p)) < c 5 tf (|x|/4) p, 

for p < P\x\ and t > 0 , where 

f(s) = s” 1_Q (l + s) K e~ msP , s> 0 . 
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We fix t and denote 


s * ms H 


g(s) = e ^ itL ), s > 0. 

We note that g is decreasing and continuous on [0, oo), and the inverse function is given 
by 

9 ~ x i s ) = \j AtL l°g~ v ( 2 , s G (0,1]. 

Using (j38|) and (139|) for |x| > c^y/t, t > 1 we obtain 


Pt(x) 


= p„p t ( x ) = ]M*-y)PMy) 

< [ c s [h(t)]~ d g(\y - x\) P t {dy) 


r rg(\y-x\) 

= c 5 [h(t)}~ d J J dsPt(dy) 

= c 5 [h(t)]~ d 
= c 5 [h(t)]~ d [ P t (B (x,g~ l (s))) ds 



s(|2/-a:|)>s} ^ > t{dy)ds 


, /■»(!* I/ 2 ) 

-d / +1 /'ll /a\ „-l 


< c 5 c 6 [h(t)] d [ / £/(M/4)# i (s)ds + 

's(l*l/2) -'o 


ds 


< c 7 r d/2 U 3 / 2 /(|x|/4) + e V— 


N 2 


< c 8 r d/2 ( + (1 + t 3 / 2 |a;|- 1 - Q (l + |x|) K )e^ 


— m\x\@ 


= c 8 t d ^ 2 ( e is *L + [ 1 + ^ 7 - 7 ^ \x \ 2 °(1 + W)^ e 


J Ir, I -\xr 

< cgt ' \ e + e 2-4^ 


i|ap 


which yields d2J). If |x| < c^yft then (j3J) follows directly from (J7J). 

Taking F(s) = Ci 0 (s A s“ _1 ) for a > 1 and F(s) = CnS for a < 1 we obtain 
F(s) < T(s)/s for a > 1 and s > 0, and for a < 1 and s G (0,1). From Lemma [3.21 we 
get 

(40) p t (x) > c 12 t~ d/2 e- cl3 ^ 2/ \ \x\ < c u t, t > t 0 . 

From Proposition 12.11 it follows that 

(41) p t {x) > c u t 1 ~ d/2 iy(B(x,ci 5 Vt)), |x| > gVt, t > t 0 , 
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and (j4j) follows from (1401) and (14B . 

If ([5]) holds and |x| > yy/t then v[fB[x,cu\/if)) > c\e-t d / 2 e - c M x f f or some constants 
c 16 ,Ci 7 . Furthermore, we have Cn\xfi < Ci 8 |a;| 2 /f for |x| > Ci 4 t, and ((6]) follows from 
(1401) and (14T|) for rj\/i < \ x\ < Cut , from (I4TT) for |x| > c 44 i and from ([7]) for |x| < yy/t. 

□ 


6 High intensity of small jumps 

We consider now an interesting example, which has been studied in [23] and [T7]. The 
exact estimates of transition densities for small x and small t are still unreachable in 
this case, but using the above results we can improve them significantly. Let v be a 
Levy measure such that 


(42) 


u(dx) x \x 


—d—'l 


log ( A 
x\ 


-P 


dx, |x| < 1, 


where (3 > 1. 

This assumption gives following properties of the corresponding semigroup. 
Lemma 6.1. If the Levy measure v satisfies © and (142|) then 

(43) *K) ~ m\) ~ iei 2 [io g ( 2 iei)] 1 -y iei>i. 

Furthermore, 


h(t ) x t l/2 

and m holds with t p — 1. 

Proof. For |£| > 1 by ([2]) we have 


‘°g if 


1 (l-/3)/2 


, t< 1, 


*(£) < m 2 \y\ 2 v {dy) + 2 / u{dy) 

J\y\< i/ISI J\v\>im 

-P r i 


< CiKI 2 j r 1 
Jo 


log 


dr + Ci r 

4 


-3 


log 


~P 


dr 


l) c 


r°° r , /• 1 °g( 2 l€l) 

Ci|^| J / s _/3 ds + — / e 2s s _/3 ds + c 2 

A>g( 2 |£|) 4 Jlog 2 


< c 3 iei 2 [io g ( 2 iei)] 


1-/3 
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since ho g 2 e2Ss P ds<c A e 2x x 13+1 , for x > log 2. Similarly, we obtain 


$(0 = / (! - cos(£ -y)) v{dy) 


> c 5 


> ce\tf 


l<i/iei 


\£-y\ 2 v{dy) 


/V‘ 

2 

log- 

Jo 

r 


i -P 


dr 


= c 7 |«Hiog(2|^i)] i -y i«i>i, 

and (1431) is proved. 

For s > 1, let g{s) = s 2 [log (2s)] 1- ' 3 . The function g is increasing on [sg,oo) for 
some constant sp > 1, depending on /3, so there exists an increasing inverse function 

g~ l : [<?(sg),oo)) —> [sg,oo). We let g(r) = (r [log(2r)] p j for r > 1. Then there 
exists rp such that for r > rp we have 


og(2r)) 


9 (v( r )) — r (log(2r))^ 1 log 

= r (log(2r)) /3 1 

log(4r) + (/? — !) loglog(2r''’ 11-/3 


(/3-l)/2 


1-/3 


i log(4r) + -(/3 - 1) log log(2r) 


1-/3 


= r 


r. 


2 log(2r) 


This shows that g 1 (r) x r/(r) for r > rp, and since h[t) = 1/T 1 (1/t) x 1 /g l (l/t), 
it follows that 


hit) x t 1/2 


log I? 




, t G (0,1). 


Furthermore, it follows also that there exists constant c* > 1 such that 

fl'“ 1 (2r) < c*# _1 (r), r > g(sp), 
and this, for t < l/g(sp), yields 


24 













e-^lei di < 


= -*c8s(|?|) 


lei di 


< 


/ i£i^£+ / e 

cJ(g-\l/t)) d+l + ^ e~ c * ta{s \s d ds 
\ Jg 1 (1/i) 

/ °° r g~ 1 (2 k + 1 /t) 

< CIO hit )- 11 - 1 + V / e~ c * t9{s) s d ds 


k=0 J 9-^ k /t) 


< c 10 lh(t)- d -i + J2e- Cs2k 


k =0 


d + 1 


_i / 2 k+1 


d+1 > 


< Cio ( h(t) + 

< c n /i(£) -<i-1 . 


-d -1 , 1 -c 8 2 fc (fc+lHd+l) / -1 ( 1 


d+l' 


□ 


Except of (P) we do not assume here anything on the behavior of u outside of 
the ball 5(0,1). However it follows easily from (El) that for every v satisfying (j42l) 
there exists c\ such that 'L(s) > cis 2 , for s < 1 , and so the condition (Hill holds with 
F{s) = c 2 s [log ^ -1 + S )] 1 /? . Furthermore, F~ 1 (s) x s [log(e /3_1 + s)]^ 1 for s > 0 
and from Lemma [3.11 we obtain 

p t (x) > csh(t)~ d e~ Ci ^ 2/t ' ) 1 °g (e, 3 _ 1 + c 5l 3 : l / 0' 3_1 , 
for t > 0, x G M d . If we consider t < 1 and |x| < 1, then we get 

p t (x) > c 3 h(t)- d e “ C4(|:E|2/t)log(e3 “ 1+C5/t)/3_1 > c 6 h(t)- d e~ C7{lxl/h{t))2 . 

Combining the estimate with Proposition 12.11 and ([7j) we obtain 


p t (x ) > c 8 min < t d ^ 2 ^log 


d(/3-l)/2 


\X 


d+2 


(log 


+ h(t]- d e- C7 ^ /h(t))2 > , 


for |x| < 1 and t < 1 . 

If the Levy measure v has a density which is bounded on 5(0, l) c then from Theorem 
1 in nn we obtain the following upper estimate. 


Pt(x) < c 8 min < t d ^ 


log iJ 


2 \ dQ 3—1)/2 


\X 


d +2 


1 o Sh 


+ h(t) 


—d 


~ c q\ x \ 

) h(t ) 


log( 


1 + 


-10M ' 
h(t) 
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for |a;| < 1 and t < 1. 

We see that we do not have sharp both sides estimates in this case, however the 
new results of [23] obtained for subordinated Brownian motion (contained in the case 
of /3 = 2 here) show that the lower estimate is optimal (note that h(t) < |x| under the 
assumption t'I r (|a;|“ 1 ) < 1 given in [23]). 

7 Appendix 

Proof of Proposition \2.1[ Similarly as in the proof of Theorem 11.41 we consider p[ and 
P[, noting that (l34|i also holds and hence the densities p r t exist for every t e (0, i p ) 
and r > 0. First we will prove that there exist constants C\ = C\(d), c 2 = c 2 (d, M 0 ), 
c 3 = c 3 (d) such that for every a E (0,1] we have 

(44) vT\v)>Ci(h(t))-'‘, 

provided \y\ < c 2 e _C3//a h(f), t E (0,t p ). 

By symmetry of v we have 

> IStPtXOI, e e < t e (0 ,g, 

and this and Lemma 4 in mi yield 

ph(at) (o) > ^2n)- d J e~ tRem)) df 

> c 4 (h(t))~ d , te(o,t p ), 

where the constant c 4 depends only on d. It follows from (l34j) that 

|3 r (p!“ ( “‘ ) )(OI < 

and since by ([2]) we have u(B(Q, r) c ) < (l/L 0 )T(l/r), we obtain 

|gr(pM“b)(^)| < e -tIte(*(0) e 2t*(l/h(ot))/Lo = e -tIte(*(0) e 2/(aLo) j 

and for every j E {1,... ,d} by (IA1I) we get 

e- tRe ^\f\df 
< c & e 2/aLo {h{t))- d ~\ 
with Cg = ce(d,Mo). It follows that 

Pt (at \y) > C 4 ( h(t))~ d - dc 6 e 2/aL ° (hit))- 11 - 1 \y\ > ^c 4 (h(t))~ d , 


~h(at) 

v 


% 


(y) 


(2n 


i ~d 




< (2n)- d e 2/aL ° 
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provided \y\ < fjfj^e 2 ^ aL °h(t), which clearly yields ilTTl) . 

Let a G (0,1) and t G (0, t p ). For r > 0, |x| > r + h{at) by (135|) and (J2J) we get 

P^ at) (B(x,r )) > e _ 1 /aZ ' 0 tz/ h(at) ( J B(x,r)) = e~ 1/aL °tv(B(x, r)). 

This and (144|) for x G (0,i p ) yield 

Pt( x ) = Pt iat) *P t h(at \x) 

= f p h t {at \x-z)P^ at \dz) 

> Cl f (h(t))- d p t h{at \dz) 

J\z—x\<C2e~ c 3/ a h(t) 

= Cl (h(t))~ d P t h{at \B(x,c 2 e- c ^ a hm 

> ci e~ l / aLo t ( h{t))~ d v{B{x, c 2 e~ C3/a h(t))), 

provided |x| > h(at) + c 2 e~ Cz ^ a h(t\ Using the fact that h(at)/h(t ) < \J2a/L 0 for 
a < L 0 / 2 and t > 0 (see the proof of Lemma 11 in [T7J) we choose a G (0,1) such that 
h(at)/h(t ) + c 2 e _C3 / a < 77 and we obtain (JHJ). □ 
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